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Cold Bosonic Atoms in Optical Lattices

Hamiltonian

Hamilton operator for bosonic atoms

Y(x) Is a boson field operator for atoms in a given internal atomic state
Vy(x)is the optical lattice potential
Vr (x) describes an additional (slowly varying) external trapping potential

Expanding the field operators in the Wannier basis and keeping only the lowest vibrational states
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Cold Bosonic Atoms in Optical Lattices

-Tight-Binding Model
RS, (B FSaeE N0

1

H=-J>blbj+> en; + > U aia; — 1)
(i,]) i i

where the operators n; = b;rbl- count the number of bosonic atoms at lattice site i;

the annihilation and creation operators b; and biT obey the canonical commutation relations [bi, bﬂ = §;;.

The parameters U = 4ma h? [ d3x|w(x)|*/m correspond to the strength of the on site repulsion of two atoms
on the lattice site i.

2
J=—[d3xw*(x—x;) |- Zh—mvz + Vo(x)] w(x — x;) is the hopping matrix element between adjacent sites i, j.

e; = [ d3xVr(x)|lw(x — x;)|? = Vr(x;) describes an energy offset of each lattice site.
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Ultracold atoms in optical lattices
generated by quantized light fields

Single Atom Hamiltonian /J/fK/

NN, BT N0 MR T 5515 KU 0 37 4 ||”|”H N\ e\
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Ultracold atoms in optical lattices
generated by quantized light fields

Second Quantization /f/fK/
I oo

pump -+ FORT

‘ pump

H=Has+Hp+Ha p+Ha p+Hap 4.

i
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Ultracold atoms in optical lattices
generated by quantized light fields

Heisenberg Equations

free evolution

6T IR S T AT K

6T R KR ST

‘ large atom-pump detuning A,

T=0, J9WAE

+
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Ultracold atoms in optical lattices
generated by quantized light fields

£Effective Hamiltonian

$

‘ Single particle Hamiltonian
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Ultracold atoms in optical lattices
generated by quantized light fields

4D Open System

Cavity loss «

‘ Langevin equation

Cavity loss « Noise operator

HNERE S T=0, A H AT
B N0, ANiENBH
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Ultracold atoms in optical lattices
generated by quantized light fields

Bose-Hubbard Hamiltonian

lﬁ%iﬁiﬁﬂz—?%%ﬁﬁw\, e IP SN

h?
Ey = /d:r w(x — k) (—%Vz) w(x —ay), cos(K)7EM
NFHZIH]
Jbl = /d:r w(x — xy) cos? (kx)w(x — x1), —1E—1

T = /dzx w(x — xy) cos(kx)w(x — x7).
Uijii = Q’lD/d:Bw(:B —x))w(zr — zj)w(r — xp)w(z — x1)
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Quantum phases in an optical lattice
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Quantum phases in an optical lattice

Bogoliubov Approximation tunneling ~ on-site
coupling interaction

H=—1, cic;+ U, C;C;Cfcf—.uE €iCis
o) 25 f U'
momentum space . !

For a Bose condensed gas N, > 1:

Bogoliubov approach:

minimizing the energy of the gas with respect to the number of condensate atoms No
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Quantum phases in an optical lattice

Bogoliubov Approximation

W B2 MR T=0 minimizing the energy

condensate density the number of nearest neighbors z=2d
W a2 I — R I fs e A B S A& SR BLAE FH BEIS AT ] B hopping HY A & 6k /)

Effective Hamiltonian

Matrix form 2>
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Quantum phases in an optical lattice

Bogoliubov Approximation

diagonalized

EEE—)

Bose distribution
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Quantum phases in an optical lattice

d
VARVER VAR e~~~
N
‘qj>.;ﬂj:(} X H |R1> |qj>UfJ:U X (Z bgl) |U>
J/U=0 (J/U)_ J/U= 00
b : ! >
Mott insulating: superfluid:
-incompressible -compressible
-integer filling -gapless
-gapped -(quasi) long-range order

-non-local order (1d)

Probing correlated quantum many-body systems at the single-particle level

-Manuel Endres
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Bogoliubov Approximation

XFFn=z, N BT B

Asymptotic behavior

Quantum phases in an optical lattice

(b)

3d
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n=0.5(dashed line), 1(dotted line)
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Quantum phases in an optical lattice

Mean-field Approach
. 1 . .
The superfluid order parameter H= —t{Z cle+ EUE cleleic;i—n2 cle;,

i)
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Quantum phases in an optical lattice

Mean-field Approach

Second-order perturbation theory

0 if 4<0,
E(O)z 1_ - o B L
FUg(g—1)—pug ifU(g—1)<u<Ug.
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g g+1
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Ug—1)—p n—-Ug
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Quantum phases in an optical lattice

Mean-field Approach

. g g+ 1
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Mean-field Approach
Fourth-order perturbation theory
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Quantum phases in an optical lattice
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Quantum phases in an optical lattice

Mean-field Approach
I n+ DIk TR AH A, AIH ZEEIFELCCES KInSn-1)
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Eo()u=nv=—5Un(n+ 1)+ =[¢|Nn+1, 109

Jahn-Teller effect

grand-canonical ensemble

[zt

112
J:
2f «—’ ] P
%EliiZI‘Eﬂ, NN H A - -nf] 5 - = 0125_-...,“,,“.,'.':6_-;50
S5F N mott4s 2 1| : v
-10 0 10 20 30

2024/11/25 23



Quantum phases in an optical lattice

Dispersion Relations Wik & R T AV UK, THR FH RO R
EH=

Hubbard-Stratonovich transformation
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Quantum phases in an optical lattice

Dispersion Relations
| FH Taylor & 7 31 — B (iX BLAR i)
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First term

¥
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Momentum space
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Quantum phases in an optical lattice

Dispersion Relations
BRER 2K

d d
4 Z Z cos(k;a) cos(kja)
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Quantum phases in an optical lattice

Dispersion Relations

AbFE B (A K R, 5] A\ Matsubara frequency B
0 1f ©u<<0,
2?(0)== 1_ B o -
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Dispersion Relations
RNTFFAH B R o 2500 1 ot AT 15
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Quantum phases in an optical lattice
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